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Abstract. In this paper, we utilize some series and an iterative method to solve some 
Navier-Stokes equations with the initial conditions being some complex-valued periodic 
functions on ]R ’. Then a new strategy for dealing with the conjecture of the Navier- 
Stokes equation is given. 
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1 Introduction 

Notation 


1R — the real numbers. 

C — the complex numbers. 

K" = {(ri,---,r„) \rjClR, j = 1,2,•■•,«}. 

N n = {(k 1 ,-,k n )\k j = 0 f l,2,- t j = l,2, 

N^ = {(fc 1 ,--,fc H )|fc ; - = l,2,--,; = h2,-,n}. 

Z n = {(k lt -,k n )\±k j eN,j = l,2,-,n}. 

e\ = (27r,0,0), e 2 = (0,2n,0), e 3 = (0,0,In). 

cp k = exp (ik 1 x 1 + ik 2 x 2 + ik 3 x 3 ), k = ( k\,k 2 ,k 3 ) G Z 3 . 

A a ,b,c = {(h,k 2 ,k 3 ) | (ak 1 ,bk 2 ,ck 3 ) e N 3 }, a,b,c = ±1. 

Definition 1.1. The set 

{/eC“(]R 3 ) |D^/= Y, h k D^cp kr f,e N 3 , {h k } kez3 cc} 

ke i? 

is a linear space, we use IE( K 3 ) to denote this space. 

The existence and smoothness of the Navier-Stokes equation is an open problem |lj. 
Consider the following question with respect to Navier-Stokes equation: 

* Corresponding author. Entail address: zhangtaocx@163.com (T. Zhang), alatanca@imu.edu.cn (A. 
Chen), bfl23.student@sina.com (F. Bai). 


http: / / www.global-sci.com/ 


Global Science Preprint 





2 


Question 1.2. Whether there exist p(x,t),iij(x,t) (u.j(x+ei,t) = My (x,t), i,j = 1,2,3) such 
that the following Navier-Stokes equation hold? 

3 

Wy'f + (w m Uy Xjn — VUj XmXm ) + =0, y = 1,2,3, (1-1) 

m=l 

' !hx 1 +«2.t 2 += 0, x=(xi,x 2 ,x 3 )gR 3 , f>0, (1.2) 

Uj(x,0)= £ Aj k (p k eIE(R. 3 ), j = 1,2,3, (1.3) 

- kez . 3 

where v > 0, Uj(x,0),j = 1,2,3 are real-valued functions. 

Theorem 1.3. Clearly we have 

(i) A jk = g^r / Wy(x,0)^_fcdxidx 2 dx3, fGZ 3 , j = 1,2,3. 

[0,2tt]3 

(ii) E |Ay fc ^ lfc 2 2fc 3 3 l 2<00 , V = 1/2,3, (m 1 ,m 2 ,m 3 )eN 3 . 

fcez 3 

(iii) By the conditions (11.21) and (11.31) we get 

3 

E J2 A jkkj(p k =o, ke z 3 . 

fcsZ 3 ;=l 


Note that the sequence { fk}kez. 3 is linearly independent, so we have 

3 

E A jk kj = o, £ez 3 . 

;=i 

(iv) E Aj k (p k eIE(M. 3 ), j = 1,2,3, a,b,c = ±l. 

k€if\a,b,c 


In this paper, base on the idea of paper (2j, we can solve the following PDEs in some 
cases: 

f the PDEs (11.11) and (11.21) . 

\ Uj{x, 0)= E e IE (IR 3 ), j = 1,2,3, (1-4) 

keAa,b,c 

where a,b,c = ±l. 

If we let 

E Aj k (p k = Yj E B A ( Pk- (1-5) 

JreZ 3 fl,fc,c=±l ke/\ a ,b,c 

Then there should be some relation between the solution of the PDEs dl.lb - dl.3b and the 
solution of the PDEs (11.41) . So a new strategy for dealing with the conjecture of the Navier- 
Stokes equation is given. 
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2 Main results 

First we solve the following PDEs: 

f the PDEs (11.11) and (II.21) . 

1 Uj(x,0)= E B jk cp k eIE{ R 3 ), 7 = 1,2,3. ( 2A ) 

l ke N 3 

Suppose that the PDEs (12.11) has a solution satisfying: 

( Uj(x,t)= E Tj k (t)q> k , j = 1,2,3; 

J tsN 3 /2 2 ) 

| p(x,t)= E T 4 k (t)(p k . 
v jteiN 3 

Assume that the series (12.21) satisfies the following conditions: 


' Uj= E T ; - k (f)f] fc GC(R 3 ©[0 / +oo)) / ; = 1,2,3, (2.3) 

teN 3 

p= E T 4*(f)^eC(R 3 ®[0,+oo)), (2.4) 

fceN 3 

«;i= E ^ fc (f)neC(R 3 ®[0 / +oo)) / 7 = 1,2,3, (2.5) 

fceN 3 

< u jx m = E ^m'T;fc(f)n G C(R 3 ®[0,+oo)) / m,; = 1,2,3, (2.6) 

/reIN 3 

Uj Xm x m = E —tfnTjk{t) <Pk S C(R 3 © [0,+oo)), m,/ = 1,2,3, (2.7) 

fceN 3 

Pxy= E T 4fc (f) fit e c(R 3 © [0,+00)), 7 = 1,2,3, (2-8) 

fceiN 3 

U ln Ujx m = E Vmjk^Pk € C(R 3 © [0,+oo)), m,/ = 1,2,3, (2.9) 

„ fceiN 3 


where 


J 7 m;ifc= E fc [ M4' ] 4 /] 4 i] ) Gl N 3 , 1 = 1 , 2 , m,; = 1,2,3. 

fc[l]+fc[2]=fc 

Then substituting the series (12.21) into the equations (12.1b we get 


V 

1 m, (0,0,0) 


+ E [T/ nk + E ( I] 4 ^ T mk ) + ik m T^] cp k — 0, m — 1,2,3, 

k> (0,0,0) 7=1 fc[ 1 l+fc[2]=A: 


< E (FcpTu+1^2 T 2k + ik?,T 3 k )f k — 0 , 

ke N 3 

Uj(x,0) = E Bj k (p k = L T jk {0)<p k , 7 = 1,2,3. 

„ ZreN 3 IreN 3 

Note that the sequence { T/c}/,cin 3 is linearly independent, so the above equations are equiv¬ 
alent to the following ODEs: 


^j,(0,0,0) — 0' 

Tj,(0,0,0) (0) = Bj,( 0,0,0)/ 


; = 1,2,3, 
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and 

T{ n k+ E( E ik\^Tj0]T mk p]+v1c ! jT m t : )+ik m T4k = O, m = 1,2,3, 

, ;'=i fcW+tP]=fc ' ' 

fci Tifc+ k2 T 2 k +^3 Es/c = 0, 

Tjk(0) = Bjk, j = 1/2,3, 

where k> (0,0,0). By the equations /ci T|/ c +/C 2 T 2 /,+fc 3 T 3 /, = 0, k> (0,0,0), we have 

fciT^+fc 2 T' fc +fc 3 T' fc = 0, k> (0,0,0). 


Then we obtain 


3 3 3 

E E E 1 T «fcp]+E ^=0, fc > (0,0,0). 

m=l ;=1 fc[l] + it[ 2 ]=fc, tn= 1 

fcl 1 ] ,fc[ 2 l > (0,0,0) 


So we get 


Tj,{ 0 , 0 , 0 ) (0 — Bj,( 0 , 0 , 0 )/ j — 1/2,3, 


T, 


4,(0,0,0) 


?4fc(0 : 


= fl. 


a is an arbitrary constant, 


3 3 

- E k m E E 

m 1 7 =1 ifc[ 1 ]+fc[ 2 ]=fc, tll]jfcp]>( 0 , 0 , 0 ) 


k fT ,,T 


J /< 


mfcl 2 ] 


E«4 

m=l 


k> (0,0,0), 


, Tjk(t) = e x p(—Pk(t))(f 0 Q/fc(s)e x p(P^(s))ds + B^), j = 1,2,3, k> (0,0,0), 


where 


Qmk = ~ E E i*f ] 7>] T mfc[2] - ik m T 4k , m = 1,2,3, 

;=i km+m=k, m,m> (o,o,o) 

Pfc(0 — E ikjBj ( 00r0 }t+v E t. 

;=i /=i 


Clearly we have: 

Theorem 2.1. If the series (12.21) we obtain satisfies the conditions d2.3b - d2.9b . then it is a 
solution of the PDEs (12.11) . 

By the Abel identities El we have: 

Lemma 2.2. For any k = 1,2, ■ ■ •, we have 

(i) E J£B*T: m m (M-m) t -"< = k(k+l)k 

m =1 

(ii) E y^ I |^« m “ 1 (fc+l-m) fc -'” = 2fc(fc+l) fc - 1 <2(fc+l) fc . 


Corollary 2.3. For any k= (k\,- ■ • ,k n ) GN 1 ), we have 

« in' 1 ’ 1 (kj + l — nij) k r m i 

e ^n- ; ; 


(1,—/1)S ; ('»1,—,m B )<t ; =1 




<2 n ~%fl 


7=1 


(*,■ + !)*' 

(fcy+1)! ‘ 
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Lemma 2.4. Let k= (.) GN 3 , |/r| = \k\ -\-k 2 -\-k 3 \, v> 1. If 


\Bjk\< 


k k ’- X 


II J rr , k> ( 0 , 0 , 0 ), 7 = 1,2,3. 


j=1.2^3 X A: 7 >0 V 


Then we have 


,fy-i 

|7ft(f)|<^ El -4r-r ex P (— k > (0,0,0),i = 1,2,3. 

1 UU ;'=1,2,3, fc,>0 K V 


( 2 . 10 ) 


Proof. We prove the inequalities (12.101) by the induction method. By a simple calculate 
we can induce that the inequalities (12.101) hold when \k\ = 1,2. Suppose that it hold for any 
\k\<n (n >2), then by Corollary 2.3, for any k= (kifa/ks) > (1,1,1), \k\ = n (without loss of 
generality we suppose that k\ > ^ 2 ,^ 3 ), we have 


3 3 

E^E 


E *f \T ik m\\ T mk m\ 

it nws- i=1 kW+km=k,km,kW>(om ’ 

I f 4/c(r) | S 

E kl 


3 E k m 

m=l 


o k i~ 1 

3 kj 


e >"■ n 41 ( 2 !*')!*'’ +<*■ n^ r )ex P (-v|fc|t-|fc|) 

10 4 E *4 l<m£<fci,i=l,2,3 ;=1 ; v ; ;=1 ’ 


m =1 

~ 1 
3 k 


<W n J Er ex p(~ v \k\^~ \k\), 

;=i 

lQ/)t(s)|< E E #lVi( s )H T rfi( s )l +fc /l T ^( s )l 

;=1 JcW+d 2 !^,/cW,)t[ 2 ]> ( 0 , 0 , 0 ) 

3 A 1 

<^ L n-b-exp(-i/|/c|f-|fc|), ; = 1,2,3, 

y=i ' 

17>(t)I <exp(-v E tft)(fo I Qjk (s) |exp(v E £-s)ds + |B ; - fc |) 

/=i ; =1 

3 ^r 1 

< TOO n ^k^exp(—|fc|), ; = 1,2,3. 

;=1 


In a similar way, we can prove that the inequalities (12.101) hold for any k = {k\,k 2 ,k?,) G IN 3 
with A:i = 0 or ^2 = 0 or /C 3 = 0 . 


Theorem 2.5. Let |fc| = |fci +A :2 + M/ v> 1. If 


Ifyl 


< 


k k f X 

in 3 11 T~i ' 

u ;=1,2,3, fc ; >0 /' 


n 


k> (0,0,0), / =1,2,3. 


Then the series (12.21) we obtain is a solution of the PDEs (12.11) . 

Proof. We only need to prove that the series (12.21) we obtain satisfies the conditions 
dpi-dm Note that ^ < e k , m G N, so we have 

f \Tik(t)(pk\ < igo e_1/|fc|f , k> (0,0,0), i = 1,2,3, 

1 |T4fe(0ffc|<§c“ v|fc|f , ( 0 , 0 , 0 ). 
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Hence the series H2.2b converges absolutely on O® [0,+oo). It means that the series (12.21) we 
obtain satisfies the conditions d2.3b - d2.4b . Moreover, we can prove that 

I Kikfk\ = \ E ( E ikf T m T mk [ 2 ] + vkjT mk ) + ik m T Ak 11 cp k \ 

7=1 *N+fcP]=jfc ' ' 

<Hfc| 2 |T’mfc| + |Qm)tl)<(S + 5) e “ 1/|fc|f ' m = U3,b(0,0 / 0), 

< ggg- v l fc l f / m,j=1,2,3, k> (0,0,0), 

\kjT ik q> k \ < 6 -^e~v\ k K j = 1,2,3, k> (0,0,0), 

. m,; = 1,2,3, k> (0,0,0). 

So the series d2.2b we obtain satisfies the conditions d2.5b - d2.9l) . Therefore it is a solution of 
the equations d2.ll) by Theorem 2.1. 


Similarly, we can get: 

Theorem 2.6. Let v > 1. For any a,b,c = ±1, if 


I Bjk I 


< 


exp( —E)LiN 

10 3 


n . (ak 1 ,bk 2 ,ck 3 )>0, j = 1,2,3, 


;'=1,2,3, |Jty|>0 I i 

then the solution of the PDEs dl.4b exists. 

Theorem 2.7. For any a,b,c = ±1, if the functions p, Uj,j = 1,2,3 satisfy the PDEs dl.4b . 
then ~p, u],j = 1,2,3 satisfy the following PDEs 


the PDEs dl.ll) and dl.2l) . 

Uj(x, 0)= E Bj k ^ c , j = 1,2,3. 

k£f\a,b,c 


Next suppose that the equality dl.5l) holds, then we give the following conjectures: 

Conjecture 2.8. If for any a,b,c = ±1, the solution of the PDEs dl.4b exists (and unique), 
then the solution of the PDEs dl.lb - dl.3b exists (and unique). 

Conjecture 2.9. Suppose that for any a,b,c=± 1, the functions p a \, c , u iahc ,j = 1,2,3 satisfy 
the PDEs dl.4l) . and that the functions p,Uj,j = 1,2,3 satisfy the PDEs dl.lb - dl.3b . then there 
exist some nonlinear functions Tj, j = 1,2,3,4, such that 

f Tj(A) = uj(x,t), j = 1,2,3, 

\ T 4 (A) = p(v,f), 

where A = {p abc (x,t),Uj abc (x,t) |; = 1,2,3, a,b,c = ± 1}. 
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